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Abstrat
It is well known, that sine tyres make ontat between the vehile and the road surfae the behaviour of the tyres has a great impat on the dynamis of road vehiles, as tyre
deformations strongly inuene the manoeuvrability and the stability [1℄. Thus, hoosing the tyre model is one of the most essential part of the development of mehanial models
for vehiles. In our study, we analyse the stability of the ar-trailer ombination. Although this vehile system was thoroughly analysed in former studies, the reanalysis of the
biyle model of the four-wheeled ar showed [2℄, that new unstable parameter domains an be found by using a time delayed tyre model. These results motivated us to fous on the
aurate modelling of the tyre deformation in the ontat path and to implement the time delayed tyre model in a ar-trailer system, whih is apable to desribe the regenerative
vibrations of the tyres.
1. Mehanial model
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Figure 1: The single trak model of the ar-
trailer ombination
The ar-trailer ombination is repre-
sented by the so-alled single trak model
(in plane biyle model with a trailer, see
Fig. 1). The vertial motion as well as
the lateral extension of the vehile is ne-
gleted, whih is aeptable in the ase
of the analysis of the steady retilinear
motion.
The model has four degrees of freedom
(DoF), namely, the motion of the vehile
an be desribed by four generalized o-
ordinates: the X and Y oordinates of
the entre of gravity S1 of the ar (X1
and Y1), the deetion angles ψ1 and ψ2 of the longitudinal axes of the ar and the
trailer, respetively. A kinemati onstraint is applied to the system, i.e. the longitudi-
nal veloity V of the ar is kept onstant in time:
X˙1 cosψ1 + Y˙1 sinψ1 = V, (1)
where dots refer to the derivatives with respet to time.
The equations of motion of the non-holonomi mehanial system an be determined
by means of the Appell-Gibbs equation, whih requires the introdution of the so-alled
pseudo veloities. A possible hoie for the pseudo veloities is
β1 = −X˙1 sinψ1 + Y˙1 cosψ1 , β2 = ψ˙1 , β3 = ψ˙2 , (2)
where the β1 is the lateral veloity of the ar, while β2 and β3 are the angular veloities
of the ar and the trailer, respetively. Thus, the governing equations of the nonlinear
system an be expressed as
m1
(
β˙1 + V β2
)
+m2
(
β˙1 + V β2 − hβ˙2 − fβ˙3 cos (ψ2 − ψ1) + fβ
2
3 sin (ψ2 − ψ1)
)
= F1 + F2 + F3 cos (ψ2 − ψ1) ,
θ
S1
β˙2 +m2
(
h2β˙2 − hV β2 − hβ˙1 + hfβ˙3 cos (ψ2 − ψ1)− hfβ
2
3 sin (ψ2 − ψ1)
)
= aF1 − bF2 − hF3 cos (ψ2 − ψ1) +M1 +M2 ,
θ
S2
β˙3 +m
(
f 2β˙3 − fV β2 cos (ψ2 − ψ1)− fβ˙1 cos (ψ2 − ψ1) − fβ1β2 sin (ψ2 − ψ1)
+hfβ˙2 cos (ψ2 − ψ1) + hfβ
2
2 sin (ψ2 − ψ1)
)
=M3 − l2F3 .
(3)
where Fi and Mi, i = 1, 2, 3 are the fores and aligning torques originated in the tyre
deformation. The parameters m1 and m2 are the masses, whereas θS1 and θS2 are the
mass moments of inertia about the Z axis at the entres of gravity of the ar and the
trailer, respetively.
2. Tyre model with memory eet
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Figure 2: Tyre deformation
in the ontat path
In order to alulate the fores and aligning torques of
the tyres, a time delayed tyre model (see Fig. 2) was used
that is based on the so-alled brush-model. In the tyre-
ground ontat path of length 2a0, the tyre partiles are
modelled as massless elements with distributed stiness
k and damping d. In ase of rolling, the tyre partiles
in ontat have zero veloity relative to the ground. Al-
though the lateral tyre deformation q(x, t) is governed by
nonlinear partial dierential equation, the travelling wave
solution an be omposed:
q(x, t) = (XC (t)−XC (t− τ )) sinψ (t)− (YC (t)− YC (t− τ )) cosψ (t)
− a0 sin (ψ (t)− ψ (t− τ )) ,
(4)
where the time delay τ for small osillations around the retilinear motion reads
τ ≈ (a0− x)/V . Thus, the fores and aligning torques of the tyre an be alulated by
integration of the deformation funtion along the ontat pathes.
3. Linear stability and self-exited vibrations
The linearised form of the equation of motion Eqn. (3) an be expressed as a system of
delayed dierential equations:
My¨ (t) +Dy˙ (t) + Sy (t) = k
∫ 2a0
V
0
(B0 − V τB1)y (t− τ )V dτ , (5)
where y(t) is the vetor of the state oordinates of the linearised system: y(t) =
[Y1(t) ψ1(t) ψ2(t)]
T
. M is the mass matrix
M =
[
m1 +m2 −hm2 −fm2
−hm2 θS1 +m2h
2 m2hf
−fm2 m2hf θS2 +m2f
2
]
. (6)
S = Sk + Sd is the stiness matrix, whih an be separated into a symmetrial and a
non-symmetrial parts that are related to the tyre stiness and damping, respetively:
Sk = 2a0k
[
3 a− b− h −l2
a− b− h a2 + b2 + h2 + 23a
2
0 l2h
−l2 l2h
1
3a
2
0 + l
2
2
]
, Sd = 2a0dV
[
0 −2 −1
0 −a + b h
0 0 l2
]
. (7)
The damping matrix D is proportional to the symmetrial part Sk of the stiness ma-
trix, i.e. D = (d/k)Sk. Finally, B0 and B1 are oeient matries ontaining vehile
and tyre geometry parameters:
B0 =
[
3 a− b− h a0 − l2
2a0 + a− b− h a
2 + b2 − h2 + 2a0 (a0 + a− b) −h (a0 − l2)
a0 − l2 −h (a0 − l2) (a0 − l2)
2
]
, (8)
B1 =
[
0 0 0
2 2a0 + a− b 0
1 −h a0 − l2
]
. (9)
With the help of these, the harateristi equation an be omposed:
det
(
λ2M + λD + S− k
V
λ
(
B0
(
1− e−
2a0
V λ
))
−B1
(
V
λ
(
1− e−
2a0
V λ
)
− 2a0e
−
2a0
V λ
))
= 0 .
(10)
4. Results and onlusions
The stability hart was drawn (see Fig. 3) in the plane of the forward speed V and the
trailer-load loation parameter p = f/l2 (i.e., the distane between the king pin and
the entre of gravity of the trailer divided by the distane between the king pin and
the trailer axle). In the gure, the shaded domains are linearly unstable, in whih self-
exited lateral vibrations of the vehile an emerge. The dierent olours in the gure
orrespond to the three dierent vibration modes of the vehile system.
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Figure 3: The unstable domains and modes in ase of low longitudinal veloity
Consequently, new unstable parameter domains are aptured in a simple ar-trailer
mehanial model. Although, these ritial domains relate to low forward speeds of the
vehile, they an be relevant at ertain vehile manoeuvres (e.g. parking). The deteted
self-exited vibration an inuene the vehile dynamis and/or an lead to unwanted
noise and tire wear.
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